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Abstract
We solve a long-standing open problem by proving that the automorphism group of any thick Payne
derived generalized quadrangle with ambient quadrangle S a thick generalized quadrangle of order s, s  5
and odd, with a center of symmetry, is induced by the automorphism group of S.
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1. Introduction and motivation
One of the very natural—but usually hard to solve—questions in geometry is the following:
If a geometry G′ is constructed in a “natural way” from an other geometry G, is every automor-
phism of G′ induced by an automorphism of G? Or more generally, is it possible to describe
the automorphism group of G′ in terms of the automorphism group of G?
We are fully aware that the terminology “in a natural way” is vague. However, encountering
specific situations in geometry, it is usually clear as to whether the above question makes sense
or not.
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typically hard to solve, is that of geometries embedded in affine or projective space (the question
there can be stated as follows: is the automorphism group of the geometry G induced by the
automorphism group of the affine or projective space in which it is embedded?). Of course it is
not possible to solve this question in general as it is clear that the solution will strongly depend
on the geometry and the kind of embedding considered.
Another place in finite geometry where the above question makes good sense, and that was
already intensively studied in the literature (see e.g. [3,7]), is that of “Payne derived generalized
quadrangles” (GQs), which will be considered in this paper. This so-called Payne derivation
(first introduced by S.E. Payne in [9]) provides a construction of a GQ P = P(Q, (∞)) of order
(s − 1, s + 1) starting from a GQ Q of order s with a regular point (∞). Here our basic question
can be stated as:
Is the automorphism group of P isomorphic to the stabilizer of (∞) in the automorphism
group of Q?
From the known examples it follows that this is not always true when s is even. However, no
counterexample is known when s is odd and the question has been answered affirmatively for
the classical symplectic quadrangleQ∼= W(s), see [3] (in fact, when Q∼= W(s) the restriction s
odd is not necessary if s  5).
In this paper we provide an affirmative answer for all odd s, provided the point (∞) is a
center of symmetry. Note that this is a strong generalization of the result for W(s), as W(s) is
characterized by the fact that all of its points are centers of symmetry. Also in the case of W(s)
one can strongly depend on the underlying projective structure, which is impossible in the cases
handled in this article.
Our proof consists of a blend of synthetic combinatorial considerations and geometric group
theoretical arguments. Rather unexpectedly, rank 1 Moufang buildings (split BN-pairs of rank 1)
turn up in the course of the proof. In an appendix, we describe the situation for the even case.
2. Payne derivation and a basic result
For a standard reference on generalized quadrangles we refer to [11]. A finite generalized
quadrangle (GQ) of order (s, t) is a finite point–line incidence geometry such that every line
is incident with (“contains”) s + 1 points, every point is incident with (“is contained in”) t + 1
lines, two distinct lines intersect in at most 1 point, and most importantly, such that for every
non-incident point–line pair (p,L) there is a unique line M incident with p and intersecting L.
Whenever s = t the GQ is said to have order s. Throughout this paper s and t will always be
at least 2. If two points x and y are collinear, we will write x ∼ y; dually we write L ∼ M for
intersecting lines L and M . The perpp⊥ of a point p is defined as the set of all points collinear
with p. If A is a set of points, then we define A⊥ :=⋂{p⊥ | p ∈ A}. It is clear that for two distinct
points x and y, |{x, y}⊥| = s + 1 or t + 1, according as whether x ∼ y or x  y. For (A⊥)⊥ we
simply write A⊥⊥. Clearly |{x, y}⊥⊥| = s + 1 or t+1 according as x ∼ y or x  y; in the latter
case the set {x, y}⊥⊥ is called the hyperbolic line through x and y. A pair {x, y} of non-collinear
points for which the hyperbolic line contains t + 1 points is called regular. By definition also
every pair of two distinct collinear points is called regular. A point x is called regular provided
the pair {x, y} is regular for every y = x. A point x is called a center of symmetry provided there
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center of symmetry is regular. Dually, regular pairs of lines and regular lines are defined.
A spread of a GQ is a set of lines partitioning the point set of the GQ. If the GQ has parame-
ters (s, t), then a spread clearly contains st + 1 lines. A spread is called regular if for every two
distinct lines L and M of the spread, the set {L,M}⊥⊥ contains s + 1 lines (so {L,M} is regu-
lar) all of which belong to the spread.2 A spread is called a spread of symmetry provided there
exists a group of automorphisms (of order s + 1) of the GQ fixing every line of the spread and
acting sharply transitively on the points of each line of the spread. This group will be called the
symmetry group of, or associated to, the spread. It is easily seen that every spread of symmetry
is also a regular spread.
Let Q be a GQ of order s and suppose that there exists a point (∞) of Q that is regular. Then
in [9] S.E. Payne introduced the following construction method for a GQ of order (s − 1, s + 1).
Define P =P(Q, (∞)) to be the point–line incidence geometry defined as follows.
• The POINTS of P are the points of Q not collinear with (∞).
• The LINES of P are the lines ofQ not through (∞) together with all sets {(∞), x}⊥⊥\{(∞)},
where (∞) x.
We have the following theorem.
Theorem 2.1. (See Payne [9].) The point–line geometry P is a GQ of order (s − 1, s + 1).
Note that
(i) The GQ P(Q, (∞)) will be called the Payne derivation of Q with respect to (∞), and Q
the ambient quadrangle of P .
(ii) Whenever it is clear which GQ Q and which regular point (∞) we mean, we will use the
notation P instead of P(Q, (∞)).
(iii) We will sometimes refer to the lines {(∞), x}⊥⊥\{(∞)} of P as H-lines.
(iv) It is easily seen that the set of H-lines constitutes a regular spread of P .
(v) The above construction of S.E. Payne is of great importance as it gives rise to the only known
GQs with “non-classical” parameters. However, some of the GQs arising from Payne’s con-
struction were obtained before by other methods by Ahrens and Szekeres [1] and Hall [4].
Since in the special case of W(s) the GQ P(W(s), (∞)), with (∞) any point, is also em-
bedded in affine 3-space, both questions from the introduction make sense for this particular
situation, that is, one can ask whether the automorphism group of P is induced by the auto-
morphism group of the affine space, and whether this automorphism group is isomorphic to
the stabilizer of (∞) in the automorphism group of W(s). The following theorem answers both
questions affirmatively if s  5.
Theorem 2.2. (See [3].) Let s  5 be a prime power and let (∞) be any point of the GQ W(s).
Then the automorphism group of P(W(s), (∞)) is isomorphic to the stabilizer of (∞) in the
automorphism group of W(s).
2 In the literature regular spreads are also sometimes called hermitian spreads.
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for the classification of GQs with these small parameters is [11].
• If s = 2, then necessarily Q∼= W(2). In this case the Payne derivation of Q with respect to
any point yields a dual grid, which is of no special interest.
• If s = 3, then either Q∼= W(3) or Q∼=Q(4,3); however Q(4,3) contains no regular points.
In this case the Payne derivation of W(3) with respect to any point yields the GQ Q(5,2),
the automorphism group of which is isomorphic to O−6 (2). It is important to notice that the
result of Theorem 2.2 does not hold in this case.
• If s = 4, then necessarily Q ∼= W(4). Here the Payne derivation with respect to any point
yields the unique GQ of order (3,5), which is studied in detail in Payne [10]. Here as well it
is important to notice that the result of Theorem 2.2 does not hold.
Throughout this paper we will consider GQs P(Q, (∞)), whereQ is a GQ of order s  5 and
where (∞) is a center of symmetry of Q. At this point it is important to note that for all known
GQs each regular point is also a center of symmetry. In this case one easily checks that the
regular spread of H-lines is in fact a spread of symmetry. We will denote this spread by π0. The
following lemma, the proof of which is easy, turns out to be a basic result of great importance.
Lemma 2.3. Every automorphism of P = P(Q, (∞)) that stabilizes π0 can in a unique way
be extended to an automorphism of Q fixing (∞). Conversely, every automorphism of Q that
fixes (∞) gives rise (in a unique way) to an automorphism of P stabilizing π0.
We end this section by providing a result that will be used throughout the paper, due to Ben-
son [2], and giving the definition of a split BN-pair of rank 1.
Theorem 2.4. (See [2].) Let φ be an automorphism of a GQ of order (s, t). If f is the number of
points fixed by φ, and g is the number of points x for which xφ = x ∼ xφ , then
(1 + t)f + g ≡ 1 + st (mod s + t).
A group with a split BN-pair of rank 1, or sometimes simply a split BN-pair of rank 1, is a
permutation group (X,H) such that |X| > 2 and such that for every x ∈ X the stabilizer of x in H
has a normal subgroup Hx acting regularly on X\{x}, where the Hx are mutually conjugate. If
X is a finite set, then a split BN-pair of rank 1 is said to be finite. For every x ∈ X the group Hx
is called a root group.
3. Spreads of symmetry of P
Suppose that L is a line of P not belonging to π0. As a line of the original quadrangle Q,
the line L contains a unique point collinear with (∞). We will denote this point by L∞ and call
it the point at infinity of L. Also for such L we will denote by GL the unique s × s-grid of P
determined by L and the s lines of π0 that intersect L. Note that for every such line L of P
there are exactly s − 1 distinct lines M = L of P not in π0 such that M∞ = L∞ and GL = GM .
Finally we will say that two lines which have their points at infinity on the same line through (∞)
belong to the same class. It is clear that belonging to the same class is an equivalence relation.
Finally, a regulus of an s × s-grid is a set of s mutually skew lines of that grid.
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Case I. The spread π contains two distinct lines L and M such that L∞ = M∞ (with L and M
not belonging to π0).
Since π is regular, it contains all s lines N for which N∞ = L∞. It follows easily that π
consists of s reguli in the s grids GR , R∞I (∞)L∞\{(∞)}. Such a regulus either consists of s
lines N1,N2, . . . ,Ns not belonging to π0 with the property that N1∞ = · · · = Ns∞, or it consists
of the s lines of π0 in a grid GR . Let us, for the sake of simplicity, denote the s considered grids
by G1,G2, . . . ,Gs .
Case Ia. The lines of π in at least two of the grids G1, . . . ,Gs are lines of π0.
Suppose that the lines of π in G1 and G2 are the lines of π0 in those grids, while the lines
of π in G3 do not belong to π0. Let U , respectively V , be a line of π in G1, respectively G2.
Consider a point u on U , and let W be the line through u concurrent with V . Denote by v the
point W ∩ V . Let N be the line of π0 in G3 concurrent with W , and denote by n the point
N ∩W . Consider a non-trivial symmetry σ0 of π0. Then uσ0IU\{u}, vσ0IV \{v}, nσ0IN\{n}
and Wσ0 = uσ0vσ0 . Now consider the unique symmetry σ of π such that uσ0σ = u. It follows
that vσ0σ = v and consequently that Wσ0σ = W . This however implies that nσ0σ = n (since σ0σ
must stabilize G3), a contradiction as Nσ = N . We have proved that Case Ia cannot occur.
Case Ib. The lines of π in exactly one of the grids G1, . . . ,Gs are lines of π0.
Suppose that the lines of π in G1 are lines of π0. Let H0, respectively H1, denote the group of
symmetries of π0, respectively of π . Suppose σ0 ∈ H0 and σ ∈ H1. Then [σ0, σ ] = σ−10 σ−1σ0σ
fixes Gi pointwise for each i > 1, and hence we conclude H0 and H1 commute. Denote by H
the group 〈H0,H1〉 = H0H1. The stabilizer Hx of x ∈ G1 in H has order s. We also easily see
that no second spread of symmetry π ′ of type Ib can exist sharing the lines of π0 in Gi , i > 1.
For, assume that π ′ would be a spread of symmetry of type Ib sharing the lines of π0 in G2.
Choose a point x in G3 and a point y in G4 such that y is collinear with x. The line xy intersects
G2 in a point z. Choose any non-trivial symmetry σ of π . It is clear that there exists a unique
non-trivial symmetry σ ′ of π ′ with the property that xσ = xσ ′ . Since the lines of π and π ′ in G4
coincide it follows that also yσ = yσ ′ . This however implies that also zσ must coincide with zσ ′ ,
a contradiction since the line of π through z does not coincide with the line of π ′ through z.
Suppose [∞] is the line ofQ incident with (∞) which is determined by π . Let H1,H2, . . . ,Hs
be the hyperbolic lines of Q which induce the lines of π ∩ π0 in P , and let (∞)′ be the point
they determine on [∞]. Define the following incidence structure Π[∞]:
• LINES are the lines of [∞]⊥ not incident with (∞) and (∞)′, plus the line [∞], together
with H1,H2, . . . ,Hs and H⊥1 ,H⊥2 , . . . ,H⊥s ;
• POINTS are the points incident with [∞], together with the sets {U,V }⊥⊥ ∪ {Hj } ∪ {H⊥j },
where U,V are non-concurrent lines in [∞]⊥, and Hj is the unique hyperbolic line contain-
ing (∞) which meets each line of {U,V }⊥;
• INCIDENCE is (inverse) containment.
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inP). The group of symmetries ofQ about (∞) induces a group of automorphisms of Π[∞]. This
group fixes [∞] (as a line of Π[∞]) pointwise, and (∞) and (∞)′ (as points of Π[∞]) linewise,
clearly a contradiction. We have proved that Case Ib cannot occur.
Case Ic. The lines of π in none of the grids G1, . . . ,Gs are lines of π0.
In this case the lines of π are exactly all lines in a given class. Let σ0 be any non-trivial
symmetry of π0 and let σ1 be any non-trivial symmetry of π . The automorphism σ0σ1 clearly
has no fixed points and maps no point to a collinear point. Consequently Benson’s theorem
implies that 0 = s2 (mod 2s), that is, s is even.
Case II. The spread π does not contain two distinct lines L and M such that L∞ = M∞ (with
L and M not belonging to π0).
Consider a line L of π\π0. No other line of GL can be a line of π , and consequently the
s2 − s points of GL\{L} must be covered by s2 − s distinct lines of π , none of which can belong
to π0. Furthermore, for any line M of these s2 − s lines the point M∞ –I (∞)L∞ in Q. It is also
clear that inQ there exists a line through (∞) distinct from (∞)L∞ on which at least s − 1 lines
M of π\π0 have their point at infinity. Consider a line M ∈ π with M∞ on such line. As before
the points of GM\{M} must be covered by s2 − s distinct lines none of which belongs to π0.
Furthermore, at least s − 2 lines of π\{M} have their points at infinity on (∞)M∞, and so do
not intersect GM . We conclude that there are at least s2 − 1 lines of π not belonging to π0, that
is, π contains at most one line of π0.
Case IIa. The spread π contains no line of π0.
Let L be a line of π and assume that not every point of (∞)L∞\{(∞)} is the point at infinity
of a line of π . Consequently there are at least s2 − s + 1 lines of π having their points at infinity
not on (∞)L∞. All of these s2 − s + 1 lines must intersect the grid GL, implying that some
point of GL is covered twice, a contradiction. It follows that there is a unique line through (∞)
containing no point at infinity of a line of π , while the other s lines through (∞) contain exactly
s such points. Consider a line R /∈ π ∪ π0 such that there are lines M1 and M2 of π concurrent
with R with the property that M1∞ –I (∞)M2∞. Assume that there would be a line M3 ⊂ π , dis-
tinct from M1, such that M3 intersects R and M3∞I (∞)M1∞. The s images of R under the full
symmetry group of π must be the s elements of {M1,M2}⊥ as well as {M1,M3}⊥. However,
none of the lines of {M1,M3}⊥ belongs to π0, whereas there is a unique line of {M1,M2}⊥ be-
longing to π0, yielding a contradiction. Consequently the s lines of π intersecting R must have
their points at infinity on s distinct lines through infinity. Under the full group of symmetries of
π we can map R to s − 1 lines not belonging to π0, and a unique line belonging to π0. Further,
for the above mentioned s − 1 images Rσ of R we have that (Rσ )∞I (∞)R∞. Suppose M ∈ π
is such that M ∼ R. Let m be the point on M such that the image of R through m under “some”
symmetry of π belongs to π0. Let y be the point of (∞)R∞ collinear with m (inQ). Let N be the
line through m in P such that N∞ = y. First assume the existence of a line O ∈ π with O ∼ N
and O∞ –I (∞)M∞. Since s > 3 there exist symmetries σ1 and σ2 of π such that Nσ1 and Rσ2
do not belong to π0 and (Nσ1)∞ = (Rσ2)∞. As Nσ1 and Rσ2 are two lines concurrent with M
and both do not belong to π0, it follows that Nσ1 = Rσ2 , a contradiction.
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the symmetry group of π , together with the lines of π concurrent with it and the line (∞)M∞
form an s × (s + 1)-grid in Q which can uniquely be completed to an (s + 1) × (s + 1)-grid by
adding a single line. This line must be (∞)R∞ as it contains both (∞) and N∞. This implies that
R would be an image of N under the group of symmetries of π , a contradiction. We conclude
that no spread of symmetry of type IIa can exist.
Case IIb. The spread π contains a unique line L of π0.
In this case it is readily deduced that each line of Q through (∞) is incident with exactly
s − 1 points at infinity of lines of π . Furthermore the s + 1 points of (∞)⊥\{(∞)} which are not
points at infinity of lines of π constitute exactly the set L⊥ (where L is seen as a set of points
in Q). Put π1 := π . It is easily seen that the spreads π1,π2, . . . , πs , which are the s images of
π1 under the symmetry group of π0, are s distinct spreads of symmetry with the property that
πi ∩ πj = L for all i = j , with i, j ∈ {0,1, . . . , s}. Let M = L be a line of π1, and suppose that
π ′ is a spread of symmetry of type IIb containing L and M . We will show that π ′ = π1. Consider
any point x of M . Let N be the unique line through x intersecting L. By an analogous argument
as used in Case IIa we see that the s − 2 other lines of π ′ intersecting N must be lines of the
same class as M . As (in Q) every point of N is collinear with a unique point of (∞)M∞, these
lines are uniquely determined. It is obvious that the s images of N under the symmetry group of
π ′ together with the s lines of π ′ concurrent with N form an s × s-grid G. Let p be the point
on (∞)M∞ determined by L, that is, p = (∞)M∞ ∩ L⊥ in Q. Consider any point y (of P) not
in G such that in Q the point y is not collinear with p. As G is an s × s-grid there are exactly
two lines K1 and K2 (in P) through y not intersecting G. However, one of these lines is the line
through y belonging to the same class as M , and hence cannot belong to π ′. This implies that
the line, say K1, of π ′ through y is uniquely determined. Let q be the point determined by L
on (∞)(K1)∞. By reapplying the above with K1 playing the role of M we obtain that the lines
of π ′ not through the points of {p,q}⊥ are uniquely determined. However, L = {p,q}⊥\{(∞)}
and hence all lines of π ′ are uniquely determined. This forces π ′ and π1 to coincide. It follows
that there are exactly s spreads of symmetry of class IIb containing L.
Denote by Hi the group of symmetries of πi , i = 0,1, . . . , s. It is easily seen that the image
of any line O /∈ π0, O  L, under an element of Hi either belongs to the same class as O or is
an element of π0. This implies that the image of any πj under an element of Hi is some πk . Now
define H := 〈Hi | i = 0,1, . . . , s〉 and Π := {π0,π1, . . . , πs}. The above implies that (Π,H) is
a permutation group. We will now show that (Π,H) is in fact a split BN-pair of rank 1. First of
all it is immediately clear that Hi is a normal subgroup of Aut(P)πi and hence a fortiori of Hπi .
Also, by construction, we already know that H0 acts sharply transitively on Π\{π0}. It remains
to show that Hi acts sharply transitively on Π\{πi}, i  1. It is easily seen that π0 is not fixed
by H , implying that H acts transitively on Π . This proves that (Π,H) is a split BN-pair of
rank 1. Note that H is generated by its root groups. We now invoke the following important
theorem by Shult [12] and Hering, Kantor and Seitz [5], which classifies all finite groups with a
split BN-pair of rank 1 (without relying on the classification of finite simple groups).
Theorem 3.1. (See [5,12].) Suppose (X,H) is a finite group with a split BN-pair of rank 1, and
suppose |X| = s + 1, with s > 1. If H is generated by the root groups of the split BN-pair, then
H is, up to isomorphism, always one of the following:
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• PSL2(s);
• the Ree group R(s1/3), with s1/3 an odd power of 3;
• the Suzuki group Sz(√s), with √s an odd power of 2;
• the unitary group PSU3(s2/3);
each with its natural action of degree s + 1.
Now consider any two distinct points x and y of P not on the line L. First suppose that x and
y are collinear. If the line xy does not intersect L, then clearly there is an element of H mapping
x to y (the line xy must be the line of one of the spreads of Π ). If the line xy intersects L,
we consider the line of π1 through x and any point z distinct from x on this line. Through z
we consider the line of π2, and on this line we let w be the point collinear with y. Clearly the
line wy does not intersect L. As there are elements of H mapping x to z, mapping z to w and
mapping w to y, there exists an element of H mapping x to y. Secondly suppose that x and y
are not collinear. Let Mx , respectively My , be the line through x, respectively y, intersecting L.
Let N be any line through x distinct from Mx and not intersecting My . Suppose z is the point
on N collinear with y. By the foregoing there exist elements of H mapping x to z and z to y.
It follows that H acts transitively on the s3 − s points of P not on L. By Theorem 3.1 this
implies that H ∼= PSL2(s), with s a power of 2. Clearly the group H acts transitively on the
point set of the line L. This implies that the stabilizer in H of a point of L must have order
(s + 1)(s − 1). At this point recall the classification of the subgroups of PSL2(q), with q = ph,
p a prime, which was obtained by Wiman [14] and independently by Moore [8] (see also Huppert
[6, Hauptsatz 8.27, p. 213]). We list the possible subgroups K  PSL2(q):
(i) K is an elementary abelian p-group;
(ii) K is a cyclic group of order k, where k divides q±1
r
, with r = gcd(q − 1,2);
(iii) K is a dihedral group of order 2k, where k is as in (ii);
(iv) K is the alternating group A4, where p > 2, or p = 2 and h ≡ 0 (mod 2);
(v) K is the symmetric group S4, where p2h − 1 ≡ 0 (mod 16);
(vi) K is the alternating group A5, where p = 5, or p2h − 1 ≡ 0 (mod 5);
(vii) K is a semidirect product of an elementary abelian group of order pm (m = 0) with a
cyclic group of order k, where k divides pm − 1 and ph − 1;
(viii) K is a PSL2(pm), where m divides h, or a PGL2(pn), where 2n divides h.
From this classification follows that PSL2(s), s a power of 2, s > 2, cannot admit a subgroup
of order (s + 1)(s − 1). This concludes the proof that Case IIb cannot occur.
We can now bring together our results on spreads of symmetry of P in the following theorem.
Theorem 3.2. Let Q be a GQ of order s  5 with a center of symmetry (∞). Let P be the Payne
derived GQ of Q with respect to (∞), that is, P = P(Q, (∞)). If π is a spread of symmetry
of P , then π is necessarily one of the following:
(i) π is the unique spread determined by the hyperbolic lines of Q containing (∞);
(ii) π is a spread determined by all lines of a fixed class, and s is even.
Our main theorem now is an immediate consequence.
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Payne derived GQ of Q with respect to (∞), that is, P = P(Q, (∞)). Then every automorphism
of P is induced by an automorphism of Q fixing (∞). More precisely Aut(P) ∼= Aut(Q)(∞).
Proof. This follows immediately from Theorem 3.2 and Lemma 2.3. 
Appendix A. Generalized hyperovals in even characteristic, Payne derivation and orbit
lengths
A general reference for the notions provided in this section is [11, Chapter 8], or [13].
Suppose PG(3n − 1, q) is the finite projective (3n− 1)-space over the finite field GF(q)
with q elements, q even. Define a set O =O(n,n, q) of qn + 1 (n− 1)-dimensional subspaces,
denoted PG(i)(n− 1, q), i ∈ {0,1, . . . , qn}, such that
(i) every three subspaces generate PG(3n− 1, q),
(ii) for ∀i ∈ {0,1, . . . , qn} there is a subspace PG(i)(2n − 1, q) which contains PG(i)(n− 1, q)
and which is disjoint from each PG(j)(n− 1, q) if j = i.
Then O is called a pseudo-oval or a generalized oval; a generalized oval of PG(2, q) is just
an oval of PG(2, q). The space PG(i)(2n− 1, q) is the tangent space to O at PG(i)(n− 1, q).
From an O =O(n,n, q) there arises a GQ T(n,n, q) = T(O) of order (qn, qn), as follows.
Embed PG(3n− 1, q) in a PG(3n,q).
• POINTS are of three types:
(1) a symbol (∞);
(2) the subspaces PG(2n,q) of PG(3n,q) which intersect the space PG(3n − 1, q) in a
PG(i)(2n− 1, q);
(3) the points of PG(3n,q)\PG(3n− 1, q).
• LINES are of two types:
(1) the elements of O;
(2) the subspaces PG(n, q) of PG(3n,q) which intersect PG(3n−1, q) in an element ofO.
• INCIDENCE is defined as follows: the point (∞) is incident with all the lines of type (1) and
with no other lines; a point of type (2) is incident with the unique line of type (1) contained
in it and with all the lines of type (2) which it contains, and finally, a point of type (3) is
incident with the lines of type (2) that contain it.
It can be shown that the point (∞) of T(O) is a center of symmetry. Also, all tangent spaces
of O contain a common (n− 1)-space R of PG(3n − 1, q) which is called the kernel of O. For
each element π of O ∪ {R}, one observes that (O ∪ {})\{π} constitutes again a generalized
oval. The object O ∪ {} is a generalized hyperoval of PG(3n− 1, q).
Now consider T(O), and the Payne derived quadrangle P = P(T(O), (∞)). Then P can
easily be described in the following way:
• its POINTS are the points of PG(3n,q)\PG(3n− 1, q);
• its LINES are the n-spaces of PG(3n,q) meeting PG(3n− 1, q) in an element of O ∪ {}.
The following observation is trivial, but important.
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P((O ∪ {})\{π}, (∞))∼=P((O ∪ {})\{π ′}, (∞)).
Now let O(n,n, q) and O′(n,n, q) be generalized ovals of PG(3n − 1, q). Then the next
property holds, cf. [13].
Theorem 3.5. There is an isomorphism between T(O) and T(O′) mapping (∞) of T(O)
onto (∞) of T(O′) if and only if there is an element of PL3n(q) mapping O onto O′. So if ,
respectively ′, is the kernel of O, respectively O′, then such an element maps O ∪ {} onto
O′ ∪ {′} (and  onto ′).
Notice that this property can be applied when O′ ⊆O ∪ {} (in which case O ⊆O′ ∪ {′}).
Let H be a generalized hyperoval of PG(3n − 1, q), q even, and let π ∈H. Denote by H(π)
the generalized oval H\{π} for which π is the kernel.
Theorem 3.6. The automorphism group of P(T(H(π)), (∞)) is induced by the automorphism
group of T(H(π)) if and only if the automorphism group fixes the line class corresponding to π .
If this is the case, the automorphism group of P(T(H(π)), (∞)) is given by PL3n+1(q)H(π).
Proof. Clearly, the stabilizer of (∞) in the automorphism group of T(H(π)) induces an auto-
morphism group of P(T(H(π)), (∞)) fixing the line class corresponding to π .
The converse is also clear.
The last assertion follows from Theorem 3.5. 
We conclude with the following theorem.
Theorem 3.7. Let H = {π0,π1, . . . , πqn+1} be a generalized hyperoval of PG(3n − 1, q). Let
O1,O2, . . . ,Or be the orbits of the elements of H under the automorphism group of H in
PL3n(q), with |Oi | = ri , i = 1,2, . . . , r , and ∑j rj = qn + 2. Consider π ∈ Ol . Then the auto-
morphism group of P(T(H(π)), (∞)) is induced by the automorphism group of T(H(π)) if and
only if rl = 1.
On the other hand, if π ∈ Ok and π ′ ∈ Ok′ , with 1 k = k′  r , then T(H(π)) T(H(π ′)).
Corollary 3.8. If H is rigid, that is, if the automorphism group of H is trivial, then for each
π ∈H, the automorphism group of P(T(H(π)), (∞)) is induced by the automorphism group of
T(H(π)), while if π ′ = π , π ′ ∈H, T(H(π)) T(H(π ′)).
If H is regular, that is, if the automorphism group of H acts transitively on its elements, then
for each π ∈H, the automorphism group of P(T(H(π)), (∞)) is not induced by the automor-
phism group of T(H(π)), while if π ′ = π , π ′ ∈H, T(H(π)) T(H(π ′)).
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